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We show that among connected bipartite graphs the following classes are identical: graphs 
isometrically embeddable in a hypercube, graphs isometrically embeddable in I" hypermetric 
graphs, graphs of negative type, and graphs whose distance matrices have just one positive · 
eigenvalue. Here we regard any connected graph as a metric space, the distance between two 
vertices being the number of edges in a shortest path between them. 
1. NOTATION AND TERMINOLOGY 
In the following all graphs will be finite and connected; loops and multiple edges do 
not affect distance, hence will be assumed not to exist. A graph G = ( V, E) becomes a 
metric space with underlying set V by defining the distance p (u, v) between vertices u 
and v to be the number of edges in a shortest path from u to v. An isometric embedding 
of Gin a metric space M is a mapping from V to the points of M (necessarily one-to-one) 
which preserves distances. A graph is bipartite if it contains no cycles of odd length. 
Interest in the metric theory of graphs was spurred in 1970 by network addressing 
problems (see e.g. [6], [7]) and extensive work has been done since then. Of particular 
interest are graphs isometrically embeddable in hypercubes, characterized by Djokovic 
[5] in 1973; here a hypercube is a graph whose vertices are the binary strings of fixed 
length n, with two strings connected by an edge if they differ in just one coordinate. 
Eigenvalues of the distance matrix D = (p( V;, vj)) of a graph were used by Graham and 
Pollack and were shown to be related to the dimension of the hypercube above. 
The other classes listed above are discussed in Graham and Winkler [8] and correspond 
to much-studied properties in metric space theory. A graph G is 11-embeddable if there 
is an isometric embedding of G into R" with the metric p(x, ji) = lx1- hi+· · · + lx"- Ynl· 
It is hypermetric if for any map h from the vertices of G to the integers, we have (see 
[4], [10]): 
L. h(u)=1 ~ L. p(u, v)h(u)h(v).,;O. 
uEY U,VE V 
G is of negative type if the above holds with 1 replaced by 0, or, equivalently, if there 
is an embedding of G in R" such that the distances in G are the squares of the Euclidean 
distances in the image. 
For general connected graphs the classes are related in the following way (see [8]): 
isometrically embeddable in hypercube 
~ /1-embeddable 
~ hypermetric 
~ negative type 
~ one positive eigenvalue. 
These implications are strict (see [1], [2] and [3]); the existence of a graph not of negative 
type whose distance matrix has one positive eigenvalue was recently shown in [11]. 
Incidentally, all of the classes are closed under Cartesian products and isometric sub­
graphs. 
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2. FORBIDDEN SUBSPACES 
Before proceeding with the main theorem it will be necessary to obtain a forbidden 
subspace characterization of the graphs which are isometrically embeddable in hyper­
cubes. For any pair u, v of vertices in a connected graph G = ( V, E) let N( u, v) be the 
set of vertices which are nearer to u than to v, i.e. N(u, v) ={xE V: p(x, u)<p(x, v)}. A 
set S of vertices is closed if every shortest path between two vertices of S lies in S. Our 
point of departure is the following: 
THEOREM (Djokovic, [5]). A connected graph G is isometrically embeddable in a 
hypercube ifand only ifG is bipartite, and for every edge {u, v} the sets N (u, v) and N (v, u) 
are closed. 
Suppose now that G is a bipartite graph which is not isometrically embeddable in a 
hypercube and let {u, v} be an edge for which N(v, u) is not closed. Choose an isometric 
path y, x, z~o z2, ••• , zk, r, s ofminimal length which runs from N(v, u) to N(v, u) but does 
not stay in N(v, u); then y and s are in N(v, u) and x and rare in N(u, v). Note that 
N(u, v) and N(v, u) partition the vertices of G-no vertex can be equidistant from u 
and v since G is bipartite. Let m = p(x, u), n = p(u, r) and p = p(x, r); all the distances 
among the points x, y, u, v, r and s are determined by m, n and p. 
If x and r happen to be the same point, then m = n, p = 0 and the five points form the 
'configuration' (sub-metric-space) A(n) pictured in Figure 1. Otherwise we have the 
six-point configuration B( m, n, p) pictured in Figure 2. Thus we have the following 
characterization: 
THEOREM. A connected, bipartite graph G is isometrically embeddable in a hypercube 
if and only if G does not contain either A( n) or B( m, n, p) as a metric subspace. 
It is interesting to note that the configurations A(n) and B( m, n, p) both fail to satisfy 
the 'pentagonal inequality' (see [ 4] or [10]) obtained by restricting the function h in the 
hypermetric inequality above to take the value +1 three times, -1 two times, and 0 
otherwise. Here the assignment h(u) = h(y) = h(s) = +1, h(x) = h(v) = -1 witnesses this 
failure. We thus have another proof of Avis's result [3] that the pentagonal inequality is 
sufficient for a bipartite graph to be isometrically embeddable in a hypercube. 
Note: there are examples to show that both forbidden configurations are necessary to 
the above characterization . 
. 
3. MAIN RESULT 
THEOREM. Let G be a connected bipartite graph. Then the following are equivalent: 
(a) G is isometrically embeddable in a hypercube; 
(b) G is isometrically embeddable in 11; 
(c) G is hypermetric; 
(d) G is of negative type; 
(e) the distance matrix of G has exactly one positive eigenvalue. 
PROOF. In view of the previous theorem and the remarks of the first section, it suffices 
to show that if G contains A(n) or B(m, n, p ), then its distance matrix D has at least two 
positive eigenvalues. 
Notice that since D is real and symmetric and has zero trace, all of its eigenvalues are 
real and they sum to zero. If G contains either of the forbidden subspaces then the 
corresponding distance matrix is a principal submatrix of D; thus by 'interlacing of 
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v 
Configuration: y 5 
X 
X y II v 5 
X 0 n n+l 
y 0 n+l n 2 
Distance matrix: II n n+l 0 n+l 
v n+l n 0 n 
5 I 2 n+t n 0 
Example: 
FIGURE 1. The configuration A(n) (n>O). 
eigenvalues' (see, e.g., [9] p. 7) D has at least as many positive eigenvalues as the distance 
matrix of the forbidden subspace. 
We are thus reduced to showing that ea<;h of the distance matrices illustrated above 
has at least two positive eigenvalues. Since the product of the eigenvalues in each case 
is the determinant and at least one eigenvalue is positive, we can do this by showing that 
the five-by-five matrix for A(n) has negative determinant and the six-by-six matrix for 
B(m, n, p) has positive determinant for all allowable values of the parameters. 
The determinant of A(n) is in fact -8n(n+l), so the first part is immediate. The 
determinant of B( m, n, p) is 
2 2 24(4mnp+2mn+2mp+2np- m - n - p ) 
which can be written in the form 
16mnp+4(n+ p- m)(p+ m- n)+4(p+ m- n)(m+ n-p)+4(m+ n -p)(n+ p- m). 
We now recall that in the configuration B( m, n, p) the points x, u and r lie at distances 
m, n and p from one another; thus it follows from the triangle inequality that each of 
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y 5 
Configuration: 
p 
X y u v r 5 
X 0 I m m+l p p+l 
y I 0 m+l m p+l p+2 
u m m+l 0 I n n+l 
Distance matrix: 
v m+l m I 0 n+l n 
r p p+l n n+l 0 I 
5 p+l p+2 n+l n I 0 
v 
y.-----------------~~-------5 
Example: 
u 
x~-------------------------r 
FIGURE 2. The configuration B(m, n,p) (m, n,p>O). 
the quantities in parentheses in the above expression is non-negative. The expression 
itself is then strictly positive and the proof is complete. 
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